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Abstract: A class of upper bounds for the positive roots of a polynomial is discussed, and it is shown that the bound 
(15) is nearly optimal in this class. 
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Bounds for the real roots of a polynomial can be very useful in some applications. In the 
following, we are going to discuss such bounds in a way similar to that used by Van der Sluis [l] 
for bounds of the moduli of arbitrary roots of a polynomial. Our interest is confined to positive 
roots, since the absolute values of the negative roots of a polynomial p(x) are the positive roots 
of p( -x). Furthermore, we are going to consider root bounds, that depend only on the negative 
coefficients of the polynomial. This is due to the following lemma. 
Lemma 1. Let 
p(x) := xn + a,x”-’ + . * * +a,_,x + a, (1) 
be a given polynomial with real coefficients, and U(p) the set of the indices of the negative 
coefficients of p , 
U(p):= {jEllI: j<n, a,<O}. (2) 
Also, let 
Tp(x) := xn + jG~P,ajxo’i (3) 
be the polynomial obtained from p(x) by replacing all positive coefficients, except that of xn, by 
zero. Then Tp(x) has precisely one nonnegative root, and this root is an upper bound of the real 
roots of p (x) (if they exist). 
Proof. If t is a nonvanishing zero point of Tp( x) then 
1= c IajI/tj. 
is Up) 
However, the function 
ftx)= C lajl/xj 
j= WP) 
(4 
(5) 
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is for positive x monotonically decreasing from infinite to zero. Therefore, it takes on the value 1 
at only one point t > 0. The root t is equai to zero only if the set U(p) is empty, i.e., if p(x) has 
no negative coefficients. 
If p(x) has no positive roots, then obviously t is larger than all real roots of p(x). If p(x) has 
positive roots, and s is the largest of them, then from 
PC.4 = 0, (6) 
it follows that 
s n= - 5 a,snmi < - jE~r~ajs”-j. 
i=l 
This means that Tp( s) is negative, or at most equal to zero, while for large positive values of x 
the polynomial Tp(x) becomes positive. Therefore, it has a zero point not smaller than s. 0 
This lemma allows the direct application of the results obtained by Van der Sluis to the case of 
bounds for positive roots. 
For this purpose we consider functionals M, defined for all polynomials with real coefficients, 
such that M(p) is an upper bound of the positive roots of the polynomial p(x). If no positive 
roots exist, then M(p) is by definition zero. 
Such functionals will be called NC-functionals if they depend only on the negative coefficients 
of p(x), i.e., if 
M(TP) = M(P) (8) 
Then the following is true: 
Theorem 1. (a) For any set of nonnegative numbers c = { Cj}jE”(p) with 
C Cj<l, 
j= U(p) 
the expression 
(9) 
(10) 
is an NC-functional, that is, an upper bound of the positive roots of the polynomial p( x) defined by 
(1). 
(b) The minimal value of NJ p) considered as a function of the variables cj is t, the only 
nonnegative zero of Tp(x). 
(c) If M is an arbitrary NC-functional, then for appropriate values Zj of the parameters cj it is 
M(P) = NAP). (11) 
Proof. (a) Since the only nonnegative root t of Tp(x) is an upper bound of the positive roots of 
p(x), it is sufficient to show that NJ p) is not smaller than t. This follows by contradiction: If t 
exceeds NJ p) then 
c,t”> IajIt”-‘, jE U(p). 02) 
J. B. Kioustelidis / Positive roots of po!ynomiais 243 
Summing up these inequalities, and noting that the sum over the second parts equals t”, we 
obtain for t # 0 the opposite inequality to (9). 
(b) For 
cj=?j:= ILzj(/w, jf u(p), (13) 
it follows from (4), (9) and (10) that 
N?(P) = t. 04) 
Since N,(p) can not be smaller than t this is therefore its minimum. 
(c) According to its definition NJ p) is a continuous nonincreasing function of the variables 
cj. If all these variables except one, say ck, are fixed to the values (13), and ck increases from zero 
to tk then NJ p) decreases from infinite to t, taking on all the values that lie between. On the 
other hand, because of (8) M(p) is also an upper bound of the positive roots of Tp(x). It is 
therefore not smaller than t, and NJ p) accepts this value for some ck not larger than tk. •I 
Of special interest is the functional 
N(P, 2) := 2j37xJ I a, I “‘) 
obtained from (10) for 
cj = l/2’, jE U(P)* 06) 
Theorem 2. The functional N( p, 2) defined by (15) does not exceed the minimal value t of all 
NC-functionals by more than a factor 2. That is, 
t < N(p, 2) < 2t. (17) 
Proof. From (4) it follows that 
1 aj 1 < tj, jE UP). (18) 
Replacing 1 aj 1 by tj in (15) we obtain the second inequality (17). 
This theorem shows that N( p, 2) is among all NC-functionals a nearly optimal upper bound 
of the positive roots of p(x), since the best possible NC-functional has the value t, which, 
however, is not easy to determine. 
An improvement of the factor 2 in (15) and (17) can be obtained in the following way: 
Setting in (lo), 
cj = l/d, jE UP), 
we obtain the NC-functionals 
In order to fulfill (9) we need only have 
09) 
5 l/rk = 1
k=l 
(21) 
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where m is the number of negative coefficients of p(x), because this last sum is for Y > 1 never 
smaller than the sum of the coefficients c,. 
The solutions y(m) of (20) for the first few m-values are the following (rounded to 5 decimal 
places) : 
m 1 2 3 4 5 
r 1 1.61803 1.83929 1.92756 1.96595 
Another interesting NC-functional is 
N’(P) ‘= 1 + j$Tp, I aj I (22) 
since it is an upper bound of the moduli of the roots of Tp(x), which can be very easily 
calculated. This bound for the positive roots of (1) constitutes an improvement on the well 
known similar bound of the moduli of all roots of (l), in which the maximization takes place 
over all indices [2, p. 48, exercise 51. 
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